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Abstract This work refers to the new formula for the superpotential Ukli in
conservation laws in general relativity satisfying the integral and differential
conservation laws within the Schwarzschild metric. The new su-perpotential is
composed of two terms Ukli =M
kl
i +A
kl
i . TheM
kl
i is based on Møller’s concept
[C. Møller, Ann. Phys. (NY) 4, 347 (1958)] and it is a function of the metric gik
and its first derivative only. The second term Akli is the antisymmetric tensor
density of weight +1 and it consists of higher derivatives of the metric gik .
Although the new superpotential consists of higher derivatives of the metric
gik it might bring a new evaluation of the conservative quantities in general
relativity.
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1 Introduction
The recent observation of gravitational waves [1] might increase further in-
vestigation of energy-momentum complex τki within the conservation laws in
general relativity [2,3], which is based on the definition of the superpotential
Ukli where τ
k
i = U
kl
i ,l. The variety of energy-momentum complex τ
k
i based
on a different concept like Landau-Lifshits [4,5], Einstein-Freud [6], Møller [6,
7,8], Mickevic [8] can be used to study the conservative quantities [9,10,11]
or gravitational waves [12]. Therefore, we can also find a different formula
of the superpotential Ukli [13,14,15,16]. The gravitational energy-momentum
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Table 1 Variety of the energy momentum complex and its constants in the formula for the
general superpotential
Einstein-Freud Landau-Lifshitz Møller Mickevic
c1 1 1 0 0
c2 1 1 0 0
c3 1 1 2 1
α 0.5 1 0.5 0.5
problem has been also discussed within the teleparallel gravity [17]. How-
ever, a different construction of the superpotential Ukli causes a problem in
conservation laws in general relativity and it raises the question what is the
“right” superpotential? The energy-momentum complex must yield the total
energy of the whole system equal to Mc2 and it must be invariant with re-
spect to the Lorentz transformation and independent on the local coordinate
system. This defines the integral and differential conservation laws in general
relativity. It is shown that none of the above-mentioned candidates of energy
momentum complex can satisfy all conservation laws. Therefore, we introduce
the novel concept of the superpotential, which is composed of a two parts
Ukli = M
kl
i +A
kl
i . The first term M
kl
i , is based on the Møller’s concept and it
is a function of the metric gik and its first derivative only. The second term
Akli is more complex and it consists of higher derivatives of the metric. It must
be noted, that the formula for Akli was found using a deductive and intuitive
method. However, the novel concept of a superpotential satisfying the inte-
gral and differential conservations laws can contribute to the understanding of
the gravitational energy in general relativity. A standard classification of the
known superpotentials is based on the formula of the general superpotential
[14]
Ukli =
1
2κ
c1
α
(−g)α ,m
(
glmδki − gkmδli
)
+
c2
2κ
(−g)α
(
glm,m δ
k
i − gkm,m δli
)
+
c3
2κ
(−g)α gib,m
(
gblgmk − gbkgml
)
(1)
with constant κ = 8piGc−4 and the gravitational constant G. The general
superpotential is composed of a linear combination of three terms, which are
functions of the metric gik and its first derivative. The U
kl
i consists of four
constants c1, c2, c3 and α, which can be chosen in order to define a different
energy-momentum complex τki . The following table represents the values of
all constants mentioned above with respect to a different energy-momentum
complex.
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2 Application of the integral and differential conservation laws in
Schwarzschild metric
The general superpotential Ukli (1) is assumed to be the most proper candi-
date for the evaluation of the energy-momentum complex τki or the general
relativity conservation integral quantity four-momentum Pi
Pi =
1
c
∮
∂V
U0λi dσ0λ (2)
The four unknown constants can be determined by using differential and inte-
gral conditions. There exist two integral conditions in conservation laws. The
first one demands the total energy of the insular system (∂V → ∞) to be
E = Mc2 or P0 =Mc, which can be expressed as
Pi =
1
c
∮
∂V→∞
U0λi dσ0λ = Mcδ
0
i (3)
λ = 1, 2, 3 i = 0, 1, 2, 3
The second integral conservation law requires the four-momentum be invariant
with respect to the Lorentz transformation. This leads to the condition
1
c
∮
∂V→∞
Ukλi dσ0λ = 0 (4)
λ, κ = 1, 2, 3 i = 0, 1, 2, 3
If we assume a metric gik of an external Schwarzschild solution [18] with
stationary gravitation field in spherical coordinating system xi = (ct, r, ϕ, ϑ)
g00 =
(
1− 2m
r
)
, g11 = −
(
1− 2m
r
)
−1
, g22 = −r2sin2ϑ, g33 = −r2 (5)
with m = G ·M/c2 then both integral conservation laws, (3) and (4), using
the general superpotential (1) can be expressed by two linear equations
c1 −
c2
2
+
c3
2
= 1 (6)
2c1 − c2 − c3 = 0 (7)
with three unknown constants c1, c2, c3. The remaining coefficient α in (1) is a
free parameter and its value is chosen to be 0.5. Finally, the third equation will
be found by using a differential condition, which states that the evaluation of
the four-momentum Pi must be independent of the spatial coordinate. Only the
third term of the superpotential (1) is independent of the spatial coordinate.
Then the values of constants c1, c2 must be equal to zero in order to satisfy
the differential conservation law. Finally, we obtain from (6) c3 = 2 and from
(7) c3 = 0. In this case, the system of our equations is insolvable and therefore
equation (1) does not represent the proper formula of the superpotential. This
is the main problem of conservation laws in general relativity.
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3 The novel concept of superpotential
A novel form of the superpotential has been found under the assumption that
also higher derivatives of the metric gik should be taken into account. We
propose here the new superpotential
Ukli = M
kl
i +A
kl
i (8)
where
Mkli =
c3
2κ
√
−g gib,m
(
gblgmk − gbkgml
)
(9)
Akli =
c4
2κ
√
−g CS,m
(
glmδki − gkmδli
)
(10)
C = (S)
α (
S,aS,bg
ab
)β
, α =
3
2
, β = −1 (11)
S = RabcdRabcd (12)
The new concept of the superpotential is based on a linear combination of two
terms. The first term Mkli (9) is based on Møller’s concept and it is a function
of the metric gik and its first derivative. It corresponds to the third term in the
general formula of the superpotential (1). The second term Akli (10) is an anti-
symmetric tensor density of weight +1. It is composed of scalar quantity C (11)
and the Reimann tensor scalar invariant S (12) [18]. Therefore, the calculation
of the four-momentum Pi (2) will be independent of the coordinate system,
which satisfies the differential condition. This is the main idea of adding term
Akli . The final formula of the new superpotential (8) was found by a rather in-
tuitive way and it consists of a higher derivative of the metric gik. This would
require a Langrangian of the gravitational field
√−gL (gik,lm ; gik,l ; gik) [18]
with higher derivatives. Despite the previous argument being non-trivial [19],
we would then be able to satisfy both integral conservation laws (3) and (4) by
searching for constant c3 and c4 in (9) and (10), respectively. The scalars C and
S [18] in spherical coordinates in the Schwarzschild metric gik (5), assuming
the asymptotic approximation r →∞ giving
S = 48
m2
r6
; C = − 1
36
√
48
r5
m
(13)
Then the first integral conservation law (3) can be expressed as a linear equa-
tion
c3
2
− c4
2
√
12
= 1 (14)
The second integral conservation law (4) is more complex and can be expressed
[8] as
∮
∂V→∞
Mkλi dσ0λ+
∮
∂V→∞
Akλi dσ0λ = −c3
1
3
Mc2δki −c4
1
3
√
12
Mc2δki = 0, (15)
New Superpotential in Conservation Laws in General Relativity 5
which yields the second linear equation
c3 +
c4√
12
= 0 (16)
The linear equations (14) and (16) provide the constants
c3 = 1 c4 = −
√
12 (17)
It is also interesting that the total energy of the insular system (∂V →∞) as
calculated in (14) is divided in two identical parts described by Mkli and A
kl
i .
The final formula of the new superpotential is
Ukli =
√−g
2κ
[
gib,m
(
gblgmk − gbkgml
)
+
√
12CS,m
(
gkmδli − glmδki
)]
(18)
4 Conclusions
It was shown that none of the linear combinations of the three terms in the
general superpotential can yield a superpotential which satisfies all differential
and integral conditions in the case of the Schwarzschild metric. In this paper
we introduce a novel concept of the superpotential, which is based on the linear
combination of Møller’s concept Mkli , consisting only of the first derivative of
the metric gik, and an additional term A
kl
i with a higher derivative of the
metric gik. It seems that the presence of higher derivatives of the metric in the
superpotential is necessary in order to satisfy the differential and both integral
conditions. This would require a Langrangian of the gravitational field, which
includes derivatives of the metric gik higher than second order.
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